Ecuatii trigonometrice

i) Consideratii teoretice

Ecuatiile care contin necunoscuta (necunoscutele) numai la argumentul functiilor trigonometrice se numesc
ecuatii trigonometrice.

Ecuatiile trigonometrice de tipul sinx =a,cosx =a,tgx =a,ctgx =a,a € R se numesc ecuatii trigonometrice

fundamentale.

1. Ecuatii trigonometrice fundamentale
a)Ecuatia sinx =a
Caz 1. Daci |a| >1(a >1,a < —1) atunci ecuatia Sin X = a nu are solutii

Caz 2. Daca a €[-1,1] atunci:

sinx=a = X e{(—l)karcsina+krc/k eZ}

b) Ecuatia cosx =a
Caz 1. Daci |a| >1(a >1,a < —1) atunci ecuatia COSX =a nu are solutii

Caz 2. Daca a €[-1,1] atunci:

‘COSXZaDXE{iarCCOSB.+2kTC/kEZ}

c) Ecuatia tgx =a

Conditii de existenta: x e R —{g+ kn/k e Z} .

‘tgx:a:xe{arctga+kn/keZ},VaeR‘

d) Ecuatia ctgx =a
Conditii de existentd: x e R —{kn/k e Z} .

‘ctgx=a:xe{arcctga+kn/keZ},VaeR‘

2. Ecuatii trigonometrice de tipul
‘sinu(x):sinv(x), cosu(x)=cosv(x), tgu(x)=tgv(x), ctgu(x):ctgv(x)‘

sinu(x)=sinv(x)=u(x)= (—1)k V(X)+kn keZ
cosu(x)=cosv(x)= u(x)==v(x)+2kmk eZ
tgu(x) =tgv(x) = u(x) =v(x)+km k e Z

ctgu(x) =ctgv(x)= u(x)=v(x)+kn ke Z

3. Ecuatii trigonometrice de tipul f(sinx)=0, f(cosx)=0, f(tgx)=0, f(ctgx)=0

Aceste ecuatii se rezolva prin metoda utilizarii necunoscutei auxiliare, care reduce ecuatia initiald la o ecuatie
care nu contine functii trigonometrice.

Etape de rezolvare:

- se determina doemniul de definitie;

- se noteaza functia necunoscuta cu t;

- se rezolva ecuatia de gradul al doilea in t;

- se rezolva ecuatiile trigonometrice fundamentale obtinute.

3. Ecuatii trigonometrice liniare |[acosx +bsinx+c=0,a,b,ce R
Metoda 1

. X . . t 1-t?
Notam tg—=t,t € R sise folosesc formulele sinx =——,008X = ——.
2 1+t 1+t

Se rezolva ecuatiile algebrice de gradul al doilea.
Metoda 2
Se foloseste formula fundamental3 a trigonometriei sin? x +cos?x =1



Metoda 3 (metoda unghiului auxiliar)

b . c
Se imparte prin a sau b si se obtine cosX+—sinx+—=0
a a
. b b
Notam tgo = — = a =arctg—
a a

. c c
COSX +tga-sin X +—=0=>cos(Xx—a)=—=cosa
a a

4. Ecuatii trigonometrice omogene |acos2 X +bsinxcosx +csin?x =d
Metoda 1

1+cos2t

. 1-cos2t
Se folosesc formulele cos?t = — sint=——""""

, sintcost = %sin 2t

Folosind formulele de mai sus se transformad ecuatia omogena in ecuatie liniara

Metoda 2

Se scrie d = d(cos2 X +sin? x)

Se verificd dacd cosx =0 este solutie a ecuatiei obtinute. in situatia in care cosx = 0, atunci se imparte ecuatia
data prin cos® X si se obtine o ecuatie de gradul al doilea in necunoscuta tgx =t,te R .

1
Se foloseste formula ——— =1+1g*x
COS™ X

5. Ecuatii simetrice in sin si cos

Metoda 1

. . . 11
Se noteaz3 S=smx+cosx,Se[—\/§,\/§],P =sinXCosX,S e ]
Folosind notatiile de mai sus se ajunge la o ecuatie algebrica conditionata.
Metoda 2

Se noteaz sinx =a,a e[-1,1],cosx = b,b e[-1,1] si se rezolva sistemul de ecuatii obtinut.

6. Ecuatii care se rezolva prin transformarea sumei in produs si a produsului in suma

Se folosesc formulele
. . . azxb aFb a+b a-b
sinatsinb =2sin Tcos%; cosa+cosh = 2COSTCOST;

cosa—cosh =-2sin %sin %

ii) Exercitii rezolvate
< L 1
1. Sa se rezolve ecuatia SInX = E .

Rezolvare:
Metoda 1

sinx=l 1
2 :XE{(—l)k aI’CSin—+kTE/k€Z}Z>Xe{(—l)k£+k7t/k€Z}

1 2 6

EE[—l,l]

Metoda 2

sinx=l 1 1
2 :>xe{arcsin5+2kn/keZ}u{n—arcsinE+2kn/keZ}

% e[-11]



:>Xe{g-i-an/keZ}u{ﬂ—%+2kn/keZ}:>

:>xe{g+2kn/kel}u{5—g+2kn/kel}.

N

2. S3 se rezolve ecuatia sinx = ——.

Rezolvare:

NG

SinX =———

—g IS [—1,1]

=>Xe {(—1)k arcsin [—§J+ kn/k e Z} =

= X e{(—l)k -(—1)arcsin§+krc/k eZ}: X e{(—l)m%+ kn/ke Z}.

A

3. Sa se rezolve ecuatia COSX = —.

Rezolvare:

COSX =— \/5

2 = Xestarccos—+2kn/keZ = xe iE+2kn/keZ
J2 2 4
2 e[y

< . 1
4. Sa se rezolve ecuatia COSX =——.

Rezolvare:
1

COSX =—— 1
2 = X eq+tarccos| —— |+2kn/keZ

1 2 21

_Ee[_1,1] =Xe i?+2kﬂ:/k€Z
1 1 T 271

arccos| —— |=m—arccos—=n——=—
2 2 3 3

5. Sa se rezolve ecuatia tgx = —J§ .
Rezolvare:

tgx:—\/§:>XG{arctg(—ﬁ)+kn/keZ}:xe{—arctg\/§+kn/keZ}:>

:Xe{—g+kn/k€Z}.



6. Sa se rezolve ecuatia ctgx =1.

Rezolvare:

ctgx =1= x e {arcctgl+kn/k € Z} = x e{%+ kn/k eZ}

. 1
7. Sa se rezolve ecuatia sin| 2x L - —.
2 2
Rezolvare:
Metoda 1

sin| 2x- X :£:>2x—£:(—l)karcsin1+kn:2x:(—1)k£+£+kn:>
2 2 2 6 2

:x:(—l)k£+£+ﬁ,kez
12 4 2

Metoda 2
1 2x—£=arcsin1+2kn 2x-2_ T okn
sin(Zx—gj:E: 2 2 1 = 2 6 =
2x— X — n_arcsin= + 2kn x-L T okn
2 2 6
2X:E+£+2kn 2X:E+2kn x:£+kn
= 5 = 43 = g
2x=£+—n+2kn 2x=—n+2kn x=—ﬁ+kn
2 6 3 3
8. Sa se rezolve ecuatia cos(3X+%j = % .
Rezolvare:
T T
X+—=—+42kn
cos| 3x+ = =£:>3x+£=iarccos—2+2kn:> 4 =
2 2 i T
3X+—=——+2kn
4 4
3x = 2kx x:z—k7T ok K
= T = 3 = Xe —n,keZ U —£+—n,keZ .
3X=——+2kn n  2Kn 3 6 3
2 =i —
6
. . B 3
9. Sa se rezolve ecuatia tg (5— Xj = 3

Rezolvare:
Impunem conditii de existenta

E—X¢E+kﬂ:2—x¢£—£+kﬂ:3X¢—£—ch,keZ
3 2 3 6

tg T x =£:>E—x=arctg£+kn:>2—x:£+kn:>—x=£—£+kn:>
3 3 3 6 6 3

:X:%—kn,keZ.

10. Sa se rezolve ecuatia ctg (4x —g] =-1.

Rezolvare:
Impunem conditii de existenta

4X_E¢kn:4x¢E+k7t:>X¢l+ﬁ,k€Z
6 6 24 4



11.

12.

ctg| 4x— = :—134X—EzarCCtg(—1)+ch:>4X—E:—£+kn:4X=E—E+kn:
6 6 6 4 6 4

:>4X:—£+kn:>X=—£+E,k€Z-
12 48 4

Rezolvati ecuatia trigonometricd sin3x =sinXx.
Rezolvare:

Metoda 1

sin3x =sinXx = sin3x —-sinx =0

) . . a-b __a+b|=2sin
sma—smb=25mTcosT

3X —X 3X+ X

cos =0=sinxcos2x =0=

sinx:0:>x=(—1)k arcsin0+kn=x=krn,keZ (1) sau
0

2k +1
cost:Oz2x:f+kn:x:£+ﬁzw,kez (2)
2 4 2 4

Solutia este data de reuniunea relatiilor (1) si (2)
2k +1
Sz{kn,k@Z}U{%,keZ}.

Metoda 2
sin3x =sinx = 3x = (—1)k X+ Kk

Caz 1 Luam k:2'[:>3XZ(—l)ZtX+2tTC:>3X=X+2tTC:>X=tTC,tEZ

Caz2 Luam k=2t+1= 3x :(—1)2H1X+(2'[+1)7r3 3x :—X+(2t+1)n3

2t+1
:>4x:(2t+1)n:>x:¢,tez

sz{kn,kez}u{(z'(%)“,kez}.

Rezolvati ecuatia trigonometrica cosX =cos4x .
Rezolvare:
Metoda 1
COSX =C0S4X = cosX —cos4x =0
_AX+X . 4AX-=X
. a+b . a-b|=-2sin——sin——=0=
cosa—cosb=—25stmT 2 2

:—Zsins—xsins—x=0:>sin5—X:0:5—X=(—1)karcsin0+kn:>5—x=kn:>
27 2 2 2 —— 2

:>X=2—kn,keZ sausing—X:O:>3—X
5 2 2

(—l)k arcsin0+ kr = 3 _ kn,keZ=
- 2

:>X:2—kn,keZ:>S: Z—I(n,keZ ) 2—kn,keZ .
3 5 3
Metoda 2
X_ZkTr
4x —x =2k -
COSX = C0S4X = 4X = £X + 2kt = X=X T[:> 3 = =S= z—kn,keZ v
4x +x = 2kn X_2k7t 5

5

2—kn,keZ
3

2



